DAMTP-98-9 



Cross Product Bialgebras 

Part I 

Yuri Bespalov Bernhard Drabant 

February 1998 

Abstract 

The subject of this article are cross product bialgebras without co-cycles. We establish 
a theory characterizing cross product bialgebras universally in terms of projections 
and injections. Especially all known types of biproduct, double cross product and 
bicross product bialgebras can be described by this theory. Furthermore the theory 
provides new families of (co-cycle free) cross product bialgebras. Besides the universal 
characterization we find an equivalent (co-)modular description of certain types of 
cross product bialgebras in terms of so-called Hopf data. With the help of Hopf data 
construction we recover again all known cross product bialgebras as well as new and 
more general types of cross product bialgebras. We are working in the general setting 
of braided monoidal categories which allows us to apply our results in particular to the 
braided category of Hopf bimodules over a Hopf algebra. Majid's double biproduct 
is seen to be a twisting of a certain tensor product bialgebra in this category. This 
resembles the case of the Drinfel'd double which can be constructed as a twist of a 
specific cross product. 

1991 Mathematics Subject Classification: 16S40, 16W30, 18D10 

Introduction 

In recent years various (co-cycle free) cross products with bialgebra structure had been 
investigated by several authors |34], |28|, |22j. The different types like tensor product bial- 
gebra, biproduct, double cross product and bicross product bialgebra are characterized 
each by a universal formulation in terms of specific projections and injections of the par- 
ticular tensorands into the cross product. The tensorands show interrelated (co-)module 
structures which are compatible with these universal properties and which allow a recon- 
struction of the cross product. The cross products are therefore equivalently characterized 
by either of the two descriptions. The multiplication and the comultiplication of the dif- 
ferent cross products have a similar form as the multiplication and the comultiplication 
of the tensor product bialgebra except that the tensor transposition is replaced by a more 
complicated morphism with particular properties. The (co-)unit is given by the canonical 
tensor product (co-)unit. Up to these common aspects the defining relations of the several 
types of cross products seem to be different. The question arises if there exists at all a 



possibility to describe the different cross products as different versions of a single unify- 
ing theory which equivalently characterizes cross product bialgebras universally and in a 
(co-)modular manner. The present article is concerned with this question and will give an 
affirmative answer. 

Based on the above mentioned common properties of cross products we define cross 
product bialgebras or bialgebra admissible tuples (BAT). We show that there are equiva- 
lent descriptions of cross product bialgebras either by certain idempotents or by coalgebra 
projections and algebra injections obeying specific relations. However it is not clear if a 
necessary and sufficient formulation by some interrelated (co-) module structures of the 
particular tensor factors exists as well. For these purposes we restrict the consideration 
to BATs where both the algebra and coalgebra structure of the tensorands is respected at 
least by one of the four projections or injections such that it is at the same time an algebra 
and a coalgebra morphism. The corresponding cross product bialgbras will be called triva- 
lent cross product bialgebras. This is a sufficiently general class of cross product bialgebras 



to cover all the known cross products of [34, 28, Trivalent cross product bialgebras ad 



mit a universal characterization as well. On the other hand we define so-called Hopf data. 
A Hopf datum is a couple of objects which are both algebras and coalgebras and which are 
mutual (co-)modules obeying certain compatibility relations. One can show that a certain 
Hopf datum structure is canonically inherited on any BAT. Conversely Hopf data induce 
an algebra and a coalgebra on the tensor product B = B\ ® Bi which strongly resembles 
the definition of a cross product bialgebra. However there is a priori no compatibility 
of both structures rendering the Hopf datum a bialgebra. However, Hopf data obey the 
fundamental recursive identities / = $(/) of Proposition 2.9 for both / = A# o mg and 
/ = (rne ® mg) o (idg ® ^b,b <8> ids) o (A_b <8> A#). This fact leads us to the definition 
of so-called recursive Hopf data. Recursive Hopf data turn out to be bialgebras. We also 
define recursive Hopf data with finite order and show that a special class of recursive Hopf 
data (with order < 2), called trivalent Hopf data, are in one-to-one correpondence with 
trivalent cross product bialgebras. Hence the classification of cross product bialgebras ei- 
ther by (co-)modular or by universal properties according to [28] has been achieved for all 
trivalent cross product bialgebras in terms of trivalent Hopf data. The new classification 
scheme covers all the known types of cross products with bialgebra structure [ 34 , ^8], |2^[ . 
And for the most general trivalent Hopf data it provides a new family of cross product 
bialgebras which had not yet been studied in the literature so farQ. At the end of Section 
|2| we will apply our results in particular to Radford's 4-parameter Hopf algebra H n q jq u 
introduced in f2£|. It turns out that it is a biproduct bialgebra over the sub-Hopf group 
algebra Wn of H n ^ N)V . 

Since we are working throughout in very general types of braided categories, we can 
apply our results to the special case of the braided category of Hopf bimodules over a 
Hopf algebra (possibly in a braided category, too). We demonstrate that Majid's double 
biproduct |26| is a bialgebra twist of a certain tensor product bialgebra in the category of 
Hopf bimodules. An example of double biproduct bialgebra is Lusztig's construction of 



the quantum group U [17]. 



A more thorough investigation of Hopf data and cross product bialgebras in Hopf bi- 
module categories will be presented in a forthcoming work. Another application of our 

1 A special variant of a trivalent Hopf datum has been studied in Q which uniformly describes biproducts 
and bicross products in the symmetric category of vector spaces. 
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results shows that the braided matched pair formulation in terms of a certain pairing only 
works if the mutual braiding of the two objects of the pair is involutive. This confirms in 
some sense a similar observation in [26]. 



In Section |l| we give a survey of previous results, notations and conventions which we need 
in the following. In particular we recall outcomes of ||. We use graphical calculus for 
braided categories. The subsections on Hopf bimodules and twisting will be needed only 
in Section ||[ Section ||] is devoted to the main subject of the article. We define bialgebra 
admissible tuples (BAT) or cross product bialgebras, trivalent cross product bialgebras, 
and (recursive) Hopf data (of finite order). It turns out that Hopf data with a trivial 
(co-)action are recursive and of order < 2. They will be called trivalent Hopf data. We 
show that trivalent Hopf data and trivalent cross product bialgebras are equivalent. They 
generalize the known "classical" cross products which will be recovered as certain special 
examples. The results of Section ^ will be applied in Section [| Using results of M we 
demonstrate that the double biproduct |2(| can be obtained as a bialgebra twist from the 
tensor product of two Hopf bimodule bialgebras. We show that the braided version of the 
matched pairing (2f| yields a matched pair if and only if the braiding of the two tensorands 
is involutive. A matched pair is a special kind of Hopf datum studied in Section |2|. 



1 Preliminaries 



We presume reader's knowledge of the theory of braided monoidal categories. Braided 
categories have been introduced in the work of Joyal and Street g|, [l]§. Since then they 
were studied intensively by many authors. For an introduction to the theory of braided 
categories we recommend to have a short look into the above mentioned articles or in 
standard references on quantum groups and braided categories [pi 35, 16, 23]. Because 



of Mac Lane's Coherence Theorem for monoidal categories [20, |2lj] we may restrict our 
conideration to strict braided categories. In our article we denote categories by caligraphic 
letters C, V, etc. For a braided monoidal category C the tensor product is denoted by <8>e> 
the unit object by 1c, and the braiding by c \E f . If it is clear from the context we omit the 
index 'C at the various symbols. Henceforth we consider braided categories which admit 
split idempotents 0, [l^, IS]; for each idempotent n = n 2 : M — > M of any object M in 
C there exists an object Mn and a pair of morphisms (in,Pn) such that pn ° in = idM n 
and in ° Pn = n. This is not a severe restriction of the categories under consideration 
since every braided category can be canonically embedded into a braided category which 
admits split idempotents [||, 18]. 

We use and investigate algebraic structures in braided categories. We suppose that the 
reader is familiar with the generalization of algebraic structures to braided categories. 
Essentially we are working with algebras, coalgebras, bialgebras, Hopf algebras, modules, 

Structures like 



comodules, bimodules and bicomodules in braided categories [18, 
Hopf bimodules or crossed modules will be reviewed in the following. We use throughout 
the symbol m for the multiplication and rj for the unit of an algebra, A for the comultipli- 
cation and e for the counit of a coalgebra, S for the antipode of a Hopf algebra, [i for the 
(left or right) action of an algebra on a module, and v for the (left or right) coaction of a 
coalgebra on a comodule. We call a morphism p : M®N — s-lLjinCa pairing of M and N. 
The graphical calculus for (strict) braided monoidal catgories [14, 13, 16, 3C, 31, 23, 35] 
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m = \ J , n=i , A = r ^ , e=A , 5=1$) 

w = ^ , = y , n = f\ , "r=y , 




Figure 1: Graphical presentation of multiplication m, unit 77, comultiplication A, counit e, an- 
tipode S, left action pi, right action p r , left coaction ui, right coaction u r , braiding 4*, inverse 
braiding , pairing p and convolution inverse p~ (if it exists). 

will be used throughout the paper. We compose morphisms from up to down, i. e. the 
domains of the morphisms are at the top and the codomaines are at the bottom of the 
graphics. Tensor products are represented horizontally in the corresponding order. We 
present our own conventions |[|, || in Figure |] and omit an assignment to a specific object 
if there is no fear of confusion. To elucidate graphical calculus we will represent below 
the bialgebra axiom of multiplicativity of the comultiplication both in the ordinary way 
of composition and by graphical symbols. 

A o m = (m ® m) o (id \£ ® id) o (A <g> A) 

The results of the following subsections on Hopf bimodules and twisting will be needed 
in Section ||. They are not relevant for the central part of the article presented in Section 

g 



Hopf Bimodules 

Hopf bimodules over a bialgebra B in C are 5-bimodules and S-bicomodules such that 
the actions are bicomodule morphisms through the diagonal coactions on tensor products 
of comodules and the canonical comodule structure on B ||]. B-Hopf bimodules and 
bimodule-bicomodule morphisms constitute the category gC^. For the symmetric category 



of k- vector spaces Hopf bimodules have been introduced in [36] under the name bicovariant 
bimodules. 

Supose that H is a Hopf algebra in C. Then there exists a tensor bifunctor rendering 
a (braided) monoidal category [||, || . The proper formulation of the corresponding theorem 
requires two auxiliary bifunctors and □ on ^C^. Two objects X and Y of yield the 
H-Hopi bimodule X □ Y = X <g> Y with diagonal left and right actions and , 

and with induced left and right coactions vf^ Y = vf idy and vf^ Y = idx ® v Y . The 
Hopf bimodule XQY is obtained by categorical dualization of the previous structures. For 
Hopf bimodule morphisms / and g we define fQg = f\I}g = f®g. Then the categories 
(jyCjy,©) an d (wCjii H) are semi-monoidal, i. e. they are categories which are almost 
monoidal, except that the unit object and the relations involving it are not required. For 
the definition of the braiding of j^C§ we use the natural transformation : — ► Q op 
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given by Q X ,Y ■= (Mz <8> Mr ) ° ( id # ® ^x,Y <8> id//) o (z/f ®vj) : X ig> Y -» y ig> X. In the 
following theorem the braided monoidal structure of #C|f is described ||, 

Theorem 1.1 T/ie category of Hopf bimodules over H is monoidal. The unit object 

is the canonical Hopf bimodule H , and the tensor product <S>h is uniquely defined (up to 
monoidal equivalence) by one of the following equivalent conditions for any pair of H -Hopf 
bimodules X and Y . 

• The H-Hopf bimodule X ®# Y is the tensor product over H of the underlying mod- 
ules, and the canonical morphism A y Y : X QY ^ X (E>h Y — X (g) Y is functorial 

H 

in %C§, i. e. X H : Q <g>. 

H 

• The H-Hopf bimodule X 0h Y is the cotensor product over H of the underlying 
comodules, and the canonical morphism p% y ■ X □ Y = X (B)h Y — > X E\Y is 

functorial in ^C^, i. e. p H : □ — ► 
The corresponding natural morphisms X H and p H obey the identity 

Px,Y ° *f ,y = (M* ® mD ° (idx ® &hh ® idy) o (vf <g> . (1.1) 

T/ie category is pre-braided through the pre-braiding H H ^x,Y uniquely defined by 

the condition Pyx " C " ^X,Y ^x Y = ®x,Y ■ It is braided if the antipode of H is an 
isomorphism in C. ■ 



Another concept closely related to Hopf bimodules are crossed modules |36|, |37|, H ||. 
The connection of both notions had been studied in and was reformulated in for 
symmetric categories of modules over commutative rings. The general investigation for 
braided categories which admit split idempotents can be found in 

A right crossed module over the Hopf algebra H is an object M in C which is both right 
-ff-module and right i/-comodule such that the following identity holds. 

M H 




M H 

Identity ( |l.2| ) is the graphical representation of the equation 

(p r <g> m H ) o (idjif <S> ^>m,h <8> id//) ° {v r ® &h) 

= (id M <S> m H ) o (^h,m <S> id//) ° (id// <8> v r ° Mr) ® id//) o (id M ® A//) . 

The right i^-crossed modules and the corresponding module-comodule morphisms form 
a category which is denoted by T>y '(C)#. In this notation T> stands for Drinfel'd who 
introduced the quantum double D{H) of a Hopf algebra H, and y stands for Yetter 
who identified the category of representations of D(H) with the category of //-crossed 
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modules. Therefore crossed modules are sometimes called Drinfel'd-Yetter modules or 
Yetter-Drinfel'd modules. Vy (C)£ is a monoidal category through the tensor product 
and the unit object of C, and the diagonal (co-) actions for tensor products of crossed 
modules [||, Q . In the following we will outline the relation of Hopf bimodules and crossed 
modules fj|, [|. If H is a Hopf algebra in the category C and (X,fj, r ,fj,i,v r ,vi) is an H- 
Hopf bimodule then there exists an object hX such that uX = 1 ® X, hX = 1T3X and 

H H 

x po x i = id H x where x p : 1®X = X -> H X = 1®X and x i : EI = hX -> X = 1®X 

H H 

are the corresponding universal morphisms. The assignment h(-) '■ h^h — * 'E > y(C)H> 
which is given through h{X) := (hX, x po/i r o ( x i ® id#), (xP ® idjj) o z/ r o x i) for an 
object X, and through u{f) = yp ° / ° xi for a Hopf bimodule morphism / : X — ► Y, 
defines a functor into the category of crossed modules. Conversely a full inclusion functor 
Hk(_) : Vy (C)h — > of the category of right //-crossed modules into the category of 
H-Hopf bimodules is defined by H x (X) = (H®X, nf® x , , /zg? x , v^® x ) for any 
right crossed module X and by H K (/) = id# (g> / for any crossed module morphism /. 
The action nf® X is the left action induced by H and H^f X is the diagonal action of the 

tensor product //-module. In the dual way the coactions u.® and v d ® are defined. 
The following theorem holds 

Theorem 1.2 Let H be a Hopf algebra inC with isomorphic antipode. Then the categories 

«*(-) ) 

T>y (C) H and jjC^ are braided monoidal equivalent by Vy (C) H h^h ■ B 

h(-) 



If not otherwise mentioned we subsequently assume that the antipode of the Hopf algebra 
H is an isomorphism in C. 



Remark 1 A mirror symmetric result corresponding to Theorem 1.2 holds for left H- 
crossed modules and //-Hopf bimodules. Henceforth we will denote the idempotents xi°xP 
and i x ° Px of a Hopf bimodule X by x n and Tlx respectively. Explicitely it holds 
x n = ii x a (S H ® idx) o v x and U x = \i X o (id x ® S H ) ° v x @j. 



This observation leads to the following useful lemma. 



Lemma 1.3 Suppose that X and Y are H-Hopf bimodules and f,g:XQY^X\I\Y are 
Hopf bimodule morphisms. Then the identity 

H C Sq, X Y o Af y o ( X U <g> U Y ) = Xy jX ^ x ,Y ° {x^l <8> U Y ) (1.3) 

holds. The identity 

( x n ® n y ) o / o ( x n ® n y ) = ( x n ® n y ) o g o ( x n ® n y ) (i.4) 

implies f = g. 

Proof. The composition of both sides of ( |1.3|) with the monomorphism py. x obviously 
leads to the identity Q Y ,X ° ( X II(g>IIy) = (^ X (^^J )o(i& x ®^ H H®i&Y)°(y x ®vf)o( x Tl® 
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Ily) which in turn coincides with fy^ o (xlligilly). To prove the second statement of the 
lemma observe that any Hopf bimodule morphism / : X QY ^ X\HY can be expressed in 
terms of /' = / o (jf n (g) Ily ) and subsequently in terms of/" = ( ^11 ® Ily ) o / o (^11 (g) Ily ) 
in the following way 



/ 



X Y 



n n 



key 




fid,: 







ii\J 








V 











(1.5) 



where v^ dr ,vj dl are the (braided) adjoint coactions ||, ||]. The second identity of (1.5) is 
derived from the module properties of /. In a similar way one obtains the third identity 
of©. ■ 



Relation flOj ) is the braided counterpart of Woronowicz's definition of braiding of Hopf 
bimodules (see [p6[). 



Finally we recall the first part of the canonical transformation procedure of bialgebras in 
into bialgebras in C g which we need in the following. 

Proposition 1.4 Let H be a Hopf algebra in C. A bialgebra B_ = (B,m B ,rj B ,A B ,e B ) 
in B C B can be turned into a bialgebra B = (£>, mg, rj B , A b , e B ) in C where the structure 
morphisms are given by 

m B = m B o X BB , tjb = ri B or lH , A B = Pb,b eb = sr ° e B . (1.6) 

IfB = (B,m B ,ri B ,A B ,£ B ,S B ) is Hopf algebra in B C B then B = (B, m B , r] B , A B , e B , S B ) 
is Hopf algebra in C with antipode Sb given by Sb = S_b Sb/h = Sb/h ° S_b where 
Sb/h = W ° (id// <S> fJ* r ) ° (Sh ® id B g> S H ) o (id H ®v r )ov l . m 



Twisting 

In this subsection we present the twisting construction for bialgebras in a braided category 
C. We proceed along the lines of [jl^, 24]. 

Let C be a coalgebra and x '■ C ~* be a morphism into the unit object. Henceforth 
we will use the following notations 



X-/:=(x®/)oA, 
for any morphism / : C — > -B in C. 



/•X:=(/®X)°A 



(1.7) 



Definition 1.5 If B is a bialgebra in C and x '■ B <S> B — > lc is a morphism obeying the 
identities 



X o (ids <g) x-m) = x ° (x-m ® ids) , 
X o (r/ (8) ids) = e = x ° (ids <S> f?) 



(1.8) 
(1.9) 
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then x is called a 2-cocycle of the bialgebra B. If x is a convolution invertible 2-cocycle, 
then the twist m B of the multiplication tub is defined by m B := x- m B-X ■ If B is a 
Hopf algebra then the twist S B of the antipode S is given by S B := u.Sb-u~ where u = 
X ° (id B <g> S B ) ° A B . 



Remark 2 Under the condition of Definition 1.5 the first identity in (1.9) holds if and 
only if the second one is valid. 



In analogy to [12, E4| the following proposition can be verified in the braided case because 
nowhere in the proof the involutivity ty 2 = id is needed. Therefore we will only sketch 
how to prove the proposition. 

Definition and Proposition 1.6 Let B be bialgebra (Hopf algebra) and \ '■ B ® B — > 

lc be an invertible 2-cocycle. Then B x := (B, m B , t]b, A_b, e B , (S b )) with the twisted 
multiplication m B (and twisted antipode S B ) is again bialgebra (Hopf algebra). B x is 
called the twisted bialgebra (Hopf algebra) of B obtained by the twist X- 

Proof. At first we will demonstrate that the bialgebra axiom L := A o m = (m ® m) o 
(id <8> ^ <X> id) o (A ® A) := R for B is equivalent to the bialgebra axiom L x = R x for 
B x . This follows from the identities (L x ).x = X-B and (R x ).x = X-B. Secondly, using the 
previous fact we show that the associativity A 1 := mo (m<8>id) = mo (id(8>m) =: A r of B is 
equivalent to the associativity of B x , denoted by A = A r x . This is proved with the help of 
the identities {At), (x (^A ® X- m )) = (x ° (x- m ® id^)) -A 1 and (A x ).(x° (x- m ® id^)) 
(x ° (id^ ® X- m )) -^4 r which result from (|L 



2 Cross Product Bialgebras and Hopf Data 

Section || is the central part of the article. We define cross product bialgebras or bialge- 
bra admissible tuples (BAT) and Hopf data. We consider certain specializations of these 
definitions, which we call trivalent cross product bialgebras and recursive Hopf data re- 
spectively. Trivalent cross product bialgebras form a sufficiently general class to cover the 



cross product bialgebras of [|3j, 28, 22]. Additionally there arise new explicit examples 
of trivalent cross product bialgebras. All of them will be completely classified in terms 
of recursive Hopf data. Therefore an equivalent description either through interrelated 
(co-)module structures or through universal projector decompositions is found. 

Cross Product Bialgebras 

Suppose now there are two objects B\ and B2 in C, and morphisms ip%<2 : B%®B2 — ► B20B1 
and tpz,i '■ B2 Bi — > B\ ® B 2 . 

Definition 2.1 We call [(Bx, mi, 771, Ai, ei), {B^rn^rfe, A2, £2)1 f\,2, ^2,1) a bialgebra 
admissible tuple (BAT) in the category C if (Bj,uij,rjj) is an algebra and (Bj, Aj, £j) is 
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a coalgebra for j E {1, 2}, such that Ej o m = idi c; and the object B\ ® B 2 is a bialgebra 
through 

m x = (mi ® m 2 ) o (id Bl ® ip 2 ,i ® id B2 ) , rj x =r] 1 ®r]2, 
A x = (id Bl ® ^i )2 ® ids 2 ) o (Ai ® A 2 ) , e x =£i®£ 2 - 

T/iis bialgebra will be called the cross product bialgebra associated to the bialgebra admis- 
sible tuple (Bi, B 2 , (pip, f2,i) and is denoted by B\ Vl 2 Xl^ 1 B 2 . 



One observes that the definition of a cross product bialgebra differs from the usual defini- 
tion of a canonical tensor product bialgebra (in a symmetric category) only through the 
substitution of the tensor transposition by the morphisms (pip and (p2,i- 

Of course the known cross products with bialgebra structure are cross product bialge- 



bras in the sense of Definition 2.1 if the structures of the objects B\ and B 2 and of the 
morphisms (pip and </?2,i are chosen correctly. 

The following proposition allows us to express cross product bialgebras in terms of 
idempotents or projections and injections. 

Proposition 2.2 Let A be a bialgebra in C, then the following statements are equivalent. 

1. A is bialgebra isomorphic to a cross product bialgebra B\ Lpi 2 IX<y, 2 1 B 2 . 

2. There are idempotents IIi , II2 E End(^4) such that 

m. A o (lij ® ELf) = IT, o o (Iij ® Iij) , Uj on A = n A , 

(rij ® rij) o a a = (iij ® Uj) oA A o rij , e A ° n, = e A 

for j E {1,2}, and the sequence A ® A — A - — 2 > A - ^ 2 ^> A ® A is a 

splitting of the idempotent ILi ® II2 of A® A. 

3. There exist objects Bi and B 2 in C which are at the same time algebras and coal- 

gebras, and algebra morphisms ij, coalgebra morphisms pj, Bj — j -^> A — Bj, such 
that pj o [j = id-Bj for j E {1,2}, and the morphisms m A o (i^ ® i 2 ) : Bi ® B 2 — > A 
and (pi ® p 2 ) o A A : A — > B\ ® B 2 are inverse to each other. 

Proof. "(2) => (3)": Since IL, for j E {1,2} are idempotents there are morphisms 
ij : Bj — > A and pj : A — > Bj which split Iij. We define 



A„- 



E 3 



Pj VA , 

(Pj ® Pj) o Aa o ij , 
£A ij 



for j E {1,2}. One immediately verifies that (Bj,m.j,r]j) are algebras and (Bj, Aj,Ej) 
are coalgebras, and ij are algebra morphisms, pj are coalgebra morphisms for j E {1,2}. 
Because Iij are idempotents it follows o (ii ® i 2 ) o (p 1 <g> p 2 ) o A^ = o (IIi ® 
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II2) o (IIi (81112)0 A a = idyi where the last equation follows by assumption. Similarly 
(pi P2) A a o uia o (ii i 2 ) = id.Bi®B 2 is proven. 

"(3) =>■ (2)": For j € {1,2} we consider the idempotents IL, = ij o pj. Statement (2) is 

then proven easily with the help of the assumed properties of ij and pj. 

"(1) =>• (3)": Let <p '■ B\ <pi 2 a B 2 ^ A be the isomorphism of bialgebras. Then in 

particular 



(2.2) 



<P2,l (V2 <8 id Bl ) = idsj r/ 2 
^2,1 (idB 2 ® 771) = t?i (8 id Ba 

and dually analogous for (px 2 and £1, £2- We define the morphisms 

11 := <j) o (id Bl rj 2 ) , Pi := (id Bl £2) <£ _1 , 

12 := 0° (?7i ®id B2 ) , p 2 := (ei 0id B2 ) ° ■ 

Using (|2.3j ) one verifies without problems that ij are algebra morphisms. In a dual manner 
it is proven that pj are coalgebra morphisms for j € {1,2}. Since E\ o rjx = idj = £2 f/2 it 
follows Pjoij = id Bj ,j G {1, 2}. Because <\> is bialgebra isomorphism it holds m / io(i 1 0i 2 ) = 
nu o (0 0) o (id Bl 772 771 ® id B2 ) = o m Bl ^ j B2 o (id Bl 772 771 id Ba ) = 

where ( |2.2j ) has been used in the third equation. Dually one obtains (pi 0P2) o A a = (j)^ 1 . 
"(3) =>■ (1)": By assumption the isomorphism 4> '■= m A (h ® 12) induces a bialgebra 
structure on B := B\ ® B 2 through 

nis = (p^ 1 ° m A o (0 cj)) , A B = {(jT 1 (j)' 1 ) o A A o (j), 

1 V / 

f]B = ^ VA , £B = £A°<t>- 



We have to show that B with the structure (2.4) is a cross product bialgebra. At first 
we prove that the (co-)units of B are given by the tensor products of the particular (co- 
)units of B\ and B 2 . It holds rj B = (pi p 2 ) ° A a o r\A = Pi f]A ® P2 f]A because A 
is a bialgebra. Furthermore tja = h ??i = 12 f]2 is satisfied since ii and i2 are algebra 
morphisms. Combining these two equations then yields r/B = i|i®i)2 since pj o ij = ids 
for j £ {1,2} by assumption. Dually £# = £1 ® £2 can be proven. Now we are going 
to prove that B has the structure of a cross product bialgebra if we use the morphisms 
Vi,2 = (£1 ® idB 2 idfij £2) o As and tp 2 ,i = mB (?7i ® ids 2 id^ 772)- Thereto we 
need the auxiliary relations 

(idsj m 2 ) o ((p^ 1 p 2 ) = (j)' 1 o m/i o (id^ n 2 ) , 

_i _i (2-5) 
(mi id_Bj ) o (p! <p ) = <fi m^ o (111 id^) 

which can be proven easily because is a bialgebra isomorphism and ii and 12 are algebra 



morphisms. Using (P-5|) we show that is indeed a multiplication of the form (2.1). 



>2 / 



(mi m 2 ) o (id Bl tp 2 ,i <8> ids, 
= (mi idy3 2 ) o (pi o (idyi ® m^) o (i x i 2 



. ' (2.6) 

o m^ o (6® (j>) 



m B • 
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In the first equation of (2.6) two times ( |2.5| ) has been used. In the second equality we 
applied pi o ^ = id_B x and again ( |2.5| ). The third equation of ( ^ ) holds by definition. 
Similarly it can be shown by dualization that the comultiplication is that of a cross product 
bialgebra, i. e. A B = (id Bl ipi >2 ®id,B 2 ) o (Ai A 2 ). Hence (Bi,B 2 , </?i,2, ^2,1) is a BAT 
and B = B\ V12 \xi V2 x B 2 its corresponding cross product bialgebra. ■ 



Since identities (2^) and their dual analogues for <pi^ and £1, e 2 hold for cross product 
bialgebras, we immediately derive 



Corollary 2.3 Let B\ (jC , 1 2 xi^ 1 B 2 be a cross product bialgebra. Then r/i £g> id# 2 o,nd 
id^j ® f] 2 are algebra morphisms, and S\ (S>id# 2 , id^ 1 ® e 2 are coalgebra morphisms. ■ 



It is not clear if the very general definition of a cross product bialgebra is in one-to-one cor- 
respondence with a description in terms of pairs of (co-)algebras with certain interrelated 
compatible (co-)module structures. Hence a classification of cross product bialgebras in 
the sense of |^] may not succeed at this general level. But for reasons of classification and 
reconstruction this aspect is important. The known cross products with bialgebra struc- 
ture |34], |28|, admit such a description. For later use we will therefore define trivalent 
cross product bialgebras as follows. 

Definition 2.4 A cross product bialgebra B\ ipi 2 xu 2 1 B 2 is called trivalent if at least 
one of the morphisms rji <S> ids 2 , id^ ®»)2, £1 ® id_B 2 , id^ <S> £2 is both an algebra and a 
coalgebra morphism. In a slight abuse of notation we denote the corresponding bialgebra 
by B\ Vl 2 Xl„ 2 j B 2 without indication of the specific algebra- coalgebra morphism. 



In particular all cross products in [[}3|, 28, 22] are trivalent. Up to now we investigated 



universality of cross product bialgebras. In the following subsection we study cross product 
bialgebras from a (co-)modular point of view. 



Hopf Data 

Definition 2.5 A Hopf datum (B\,B 2 , /U/,f/, /i r ,f r ) in C consists of two objects B\ and 
B 2 which are both counital algebras and unital coalgebras, and (B\,ni) is left B 2 -module, 
(Bi, v{) is left B 2 -comodule, (B 2 , /i r ) is right B\-module, and {B\, v r ) is right B\-comodule 
obeying the identities 

(m <8> idi) = r] 2 o s\ = (id 2 <g) £1) o V[ , e 2 o \i T = e 2 ® e\ = e\ o m , 
fii o (id 2 <g> 771) = r] l0 e 2 = (e 2 g> idi) ou r , v r V2 = m ® Vi = or )i , 



B lBl B ^ b 2 b 2 B ^ 



x- ■ X 



Algebra- coalgebra compatibility, 
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Module- comodule compatibility, 




Module- algebra compatibility, 




Comodule- coalgebra compatibility, 




Module- coalgebra compatibility, 




Comodule- algebra compatibility. 



At first sight the defining relations of Hopf data seem to be rather complicated and im- 
penetrable. However all the compatibility identities only relate the different (co-)algebra 
and (co-)module structures. Besides there are two remarkable symmetries of the defini- 
tion of Hopf data. The first one is the usual categorical duality in conjunction with the 
transformation "m <-> A" , "77 «-> e" , "^z <-> f/" and u fi r <-> v r " . The second one is a kind 
of mirror symmetry with respect to a vertical axis of the defining equations considered as 
graphics in three dimensional space, followed by the transformation of the indices "1 <-> 2" 
and "Z <-> r". This observation considerably simplifies subsequent considerations and 
calculations. In a first step we recover canonical (co-)algebra structures of Hopf datum. 

Proposition 2.6 Let (Bi, B2, fJ,i,vi, fJ, r ,v r ) be a Hopf datum. We define 

*i,2 =fih and 02,1= fX] (2.7) 
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Then B = B\ B 2 is both an algebra and a coalgebra through the structure morphisms 
m B = (mi m 2 ) o (id Bl 2 ,i ids 2 ) , rjB = Vi ® V2 , 



A 



B 



(idfij 8) 0i,2 id B2 ) o (Ai A 2 ) , £b = £1 £2 



(2i 



Proof. It is a well known fact that the necessary and sufficient conditions for (B, 1115, 77^) 
being an algebra are given by the following equations. 



02,1 (m 2 id Sl ) 
02,1 (idB 2 mi) 
02,1 ° (172 idfii) 
02,1 (ids 2 0r/i) 



(id Bl m 2 ) o (0 2j i (g) id B2 ) o (ids 2 
(mi id B2 ) o (id Bl 02,i ) o (02 i ( 
ids! m 
rji ide 2 • 



(2.9) 



The verification of the third and fourth equation of (^J^) can be done straightforwardly 
using ( |2.7D and the defining relations of a Hopf datum. The second equation of ([O]) will 
be proven graphically. 



B 2 Bi Bi 




(2.10) 



Bi B 2 



The first identity of (|2~Tc| ) uses the algebra-coalgebra compatibility of Definition |2.5| . In 
the second equation the module-algebra compatibility is used. The third equality holds 
because B\ is a left f^-niodule, and the fourth identity is true because of the module- 
coalgebra compatibility. This proves the second equation of ( p.9[) . The first identity of 
( |2.9| ) can be verified similarly. Hence (B : m.B,rjB) is an algebra. It will be proven dually 
that (B, Ab,£b) is coalgebra. ■ 



Under the conditions of Proposition one proves that 771 ids 2 , id^ n 2 are algebra 
morphisms, and E\ id# 2 , ids x £ 2 are coalgebra morphisms. The result of Proposition 
2.6 strongly resembles the definiton of a BAT. However there is a priori no compatibility 
of the algebra and the coalgebra structure of B = B\ B2 rendering B a cross product 
bialgebra. On the other hand the following proposition is easily proved. 

Proposition 2.7 A BAT {B\, B%, (p% 2, <-P% 1) yields a Hopf datum (Bi, B 2 , fii, vi, fi r , v r ) 
through 



[ii = (id Bl £2) o (p 2t i , ii r = {e\ id Ba ) o <p 2jl 
n = ¥1,2 (idsj m) > = ¥>i,2 (?7i ids 2 ) 



(2.11) 



Conversely according to eqs. (2/7) in Proposition \2.b\ the resulting Hopf datum can be 
transformed into the cross product bialgebra B\ Vl 2 xu a x -B2 because it holds 0i,2 = ^1,2 
and 02,i = ^2,1- 
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Proof. Equations of the form fl2.9| ) (and their dual form) hold in particular for if2,i 
(and (pip)- Hence the (co-)module properties, the module-algebra and the comodule- 
coalgebra compatibility of Definition 2.5 can be derived for the (co-)actions in ( 2.1 1] ) . The 
unital coalgebra structure and the counital algebra structure of B\ and B2, as well as 



the relations in Definition 2.5 involving the (co-)actions and the (co-)units can be shown 



easily. By assumption B\ V1 2 oo^ 1 _B 2 is a bialgebra and therefore it holds 

A x o m x = (m x <g> m x ) o (id Bl ®B 2 ® *Bi®s 2) Bi®Ba ® id Bi®-B 2 ) ( A x ® A> 



(2.12) 



Then one deduces the algebra-coalgebra compatibility of a Hopf datum by either compos- 
ing ( 2.12[ ) with o(idsj ® r] 2 ® id^ ® 772) and (id^ ® £2 ® id#i ® £2)° or with o(r]i ® id# 2 ® 



771 ® id# 2 ) and (ei ® idg 2 ® £1 ® id_e 2 )o . The module-comodule compatibility is derived 



from ( 2.12j ) by composition with o(r]i ® idg 2 ® id^ ® 772) an d (ei <8> id# 2 ® ids 2 ® £2)° • If 
one applies 0(7/1 ® id,B 2 ® ??i ® id,e 2 ) and (ei ® id# 2 ® id^ ® £2)0 to Q2.12 ) one gets the 
first identity of the comodule-algebra compatibility. The second equation of the comodule- 
algebra compatibility is derived by composing ( 2.1 2| ) with o(idfi 1 ® 772 ® ids 1 ® 772) and 
(£1 ® ids 2 ® id^i ® £2)° • The module-coalgebra compatibility is proven dually. The 

e 2 )o yields 
5 id Sl ® 772) 



composition of ( 2 . 1 2| ) with o(idB x ® 7/2 ® 771 ® ids 2 ) and {e\ ® idg 



ids x C 

¥>i,2 = 01,2- The identity <^ 2 ,i = ^2,1 is derived from ( |2. 12f) with 0(77! ® idg 2 
and (idsj ® £2 ® £1 ® idfi 2 )o . This concludes the proof of the proposition. 



Hence Hopf data are more general objects than BATs, and by Proposition 2.7 we may in- 
terpret cross product bialgebras as some subclass of Hopf data. Subsequently we will show 
that two noteworthy recursive identities are satisfied for Hopf data. Although these iden- 
tities are rather involved, they possess the above mentioned dual and mirror symmetries. 
To avoid complications we represent the identities graphically. 



Definition 2.8 Let (Bi, B 2 , ui,fj, r ,u r ) be a Hopf datum in C and f € Endc(-Bi 
B\ ® B2) be any endomorphism in C. Then the mapping $ : Endc(-E>i ® B2 ® B\ ® 
Endc(5i ® B2 ® B\ ® B 2 ) is given by 



S>B 2 < 
B 2 )- 



Hf) 




(2.13) 



Bi B 2 Bi B 2 



In the following proposition the fundamental recursive relation for Hopf data will be de- 
rived. 

Proposition 2.9 Let (B\, B2, m, v\, [i r , v r ) be a Hopf datum in C and consider the endo- 
morphisms f\ := Abohib and f2 := (m^ ® mg) o (ids ® ^b,b ® ids) o (As ® A#), where 
uib and Ab are defined according to (|2.8| ). Then it holds f\ = $(/i) and f 2 = &(f 2 ). 
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Proof. For f\ = A^om^ we obtain the result through the following (graphical) identities. 



B r B 2 B X B 2 




B X B 2 B X B 2 






(2.14) 



The first identity of ( |2.14 ) uses the algebra-coalgebra compatibilities of Definition 2.5. 
In the second identity of ( 2.14|) we used the module-coalgebra and the comodule-algebra 



compatibilities. (Co-)associativity is applied to derive the third equation of ( 2.14 ). 

For /2 = (niB ® ms) o (ids <g> ^ b,b <8>ids) o(Ab®Ab) the proof is given by the following 
graphical equalities. 



Si B 2 Si B 2 




Bi B 2 Bi B 2 






where the first identity requires the algebra-coalgebra compatibility, the second uses the 
module-algebra and the comodule-coalgebra compatibility, as well as the (co-)module 
properties of B\ and B2. In the third equation we applied associativity and again the 
(co-)module properties of B\ and B2. ■ 



Remark 3 Observe that we did not need the complete list of defining relations of a Hopf 
datum for the deduction of Proposition |2.9| . We only needed that B\ and B2 are both alge- 
bras and coalgebras, B\ is a left i?2-(co-)module, B2 is a right I?i-(co-)module, the algebra- 
coalgebra compatibility, the module-coalgebra compatibility, the comodule-algebra com- 
patibility, the module-algebra compatibility, and the comodule-coalgebra compatibility. 
In particular we did not use the module-comodule compatibility. 



From Propositions 2.6 and 2.1 we conclude that Hopf data are more general objects than 
BATs and therefore do not correspond to them directly. In the following we will restrict our 
considerations to so-called recursive Hopf data. They do not necessarily imply universal 
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characterization. For that reason a more special kind of recursive Hopf data, so-called 
trivalent Hopf data, will be introduced below. We will verify that trivalent Hopf data 
and trivalent cross product bialgebras are indeed equivalent notions which provide a (co- 
modular and universal description of cross product bialgebras. The resulting theory will 
turn out to be general enough to unify all the "classical" cross products of |34], ^8], [2^] . And 
it will even generate a new family of cross product bialgebras which can be described in 
this manner. The equivalent formulation of cross product bialgebras either by interrelated 
(co-)module structures or by certain universal projections and injections therefore will be 
provided by our theory. 

Definition 2.10 Let (B\,B2, fi^fi, fx r ,v r ) be a Hopf datum in C and define the idem- 
potent ir := rji o e% ® id^a®^ <8> f]i £2- Suppose that for every endomorphism f of 
B\®B2®B\®B2 there exists a non-negative integer n £ No such that 3> n (/) = & n (irofo7r). 
Then the Hopf datum (B%,B2, Hli v h Hri v r) * s called recursive. If A := {n £ No|3> n (/) = 
<£ n (7ro/o7r) V / £ EndC(-Bi<Si-B2(S>-BiC>5l?2)} is a non-empty set such that no := min{n € A} 
exists, we call (Bi, B2, Hi, v h Hr> v r) a recursive Hopf datum of order uq. 

A consequence of the structure of $ is the following lemma. 

Lemma 2.11 For every Hopf datum (Bi, B2, Hit v\, fr, v r) it holds tt o $(/) o7r = 7ro/o7r 
for any f G Endc(-Bi (g> B2 <8> B\ ® B2). If (B\, B2, Hli v U Hri v r) is recursive of order n then 
= $"(/) Vm>n. 

Proof. The first statement is verified straightforwardly using Hopf datum properties and 
the structure of $ according to Definition |2.8| . Then it follows for a Hopf datum of order 
n that $ n (/) = $ n (vr o / o vr) = $ n (vr o $(/) o tt) = $"($(/)) = $ n+1 (/). ■ 

A Hopf datum (B\, B2,Hi,vi,lJ>r, v r ) is non-trivial if B\ or B2 is not isomorphic to lbj. 

Lemma 2.12 A recursive Hopf datum (B\, B2, Hh u l: \Hn v r) of finite order is non-trivial 
if and only if its order is greater than 0. 

Proof. If the order is then / = tt o f o tt and in particular for / = idB 1 ®B 2 ®B 1 ®B 2 one 
shows that idg ; = T]i° £ i- Therefore Bi = lc for i = {1,2}. Conversely if B\ and B2 are 
isomorphic to lc then tt = idB 1( g>B2<8>Bi®B 2 ano - one concludes that the order of the Hopf 
datum is 0. ■ 

Remark 4 We will henceforth assume that Hopf data are non-trivial so that the order is 
greater than if it exists. 

For special categories recursivity of a Hopf datum implies its finite order. 

Proposition 2.13 Suppose that C is a category of modules over a commutative ring a, 
and (Bi, B2, [J,i, Vi, [j, r , v r ) is a Hopf datum in C with B\ and B2 free a-modules of finite 
rank. Then (B±, B2, fJ>h u h Hr>v r ) is recursive if and only if it is recursive of finite order. 
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Proof. Suppose that (Bx, B 2 , m, v\, fj, r , v r ) is recursive and let {v{}i e i be a (finite) basis 
of B\ ® B 2 ® B\ ® i?2- Then every endomorphism / G Ende(i?i ® i?2 ® B\ ® B-i) can 
be written as / = YLi,i fi,j • where f(vi) = J2i fi,j ' v j and 8i,j( v k) = s i,k ■ Vj. Define 
no := min{n G No|3> n (5ij) = & u (tt o 5ij o 7r) Vi, j G 1} which exists since |/| is finite and 
the Hopf datum is supposed to be recursive. Then one immediately concludes that the 
order of the Hopf datum is rig. ■ 

The most striking aspect of recursive Hopf data is the bialgebra structure of the corre- 
sponding tensor product (co-)algebra B\ ® B^. 

Theorem 2.14 If (Bx, B%, /ii, v\, /i r ,z/ r ) is a recursive Hopf datum then B = B\ ® B2 
equipped with the structure morphisms nig, tjb, A# and £3 according to Proposition 2A. 
is a bialgebra. It will be denoted by B = B\ ^ XI ^ B2 



Proof. Because of Propositi on |2.6| we only have to prove that is an algebra morphism. 
With the help of Proposition |2.9| and the recursivity of the Hopf datum we derive for some 
n G N the identities fi = <£ n (/i) = <I> n (7r o fx o 7r) and f 2 = <& n (f 2 ) = ^"(vr o f 2 o tt) where 
fx = Ab o niB and f 2 = (m^ ® m/3) o (idg ® ^b.b ® ids) o (Ag ® A#). The relation 
tt o fx o tt = 7ro/ 2 o7r holds by the module-comodule compatibility of the Hopf data. 
Therefore fx = f 2 which proves the theorem. ■ 

In the next proposition we will introduce trivalent Hopf data. 

Definition and Proposition 2.15 Suppose that (Bx, B 2 , //j, z/j, fj, r , u r ) is a Hopf datum 
in C. Then one of the (co-) actions of (Bx, B 2 , vi,[A r , u r ) is trivial if and only if one of 
the morphisms 771 ® ids 2; id^ ® 772, £\ ® ids 2 or ids x ® e 2 is both algebra and coalgebra 
morphism. If these equivalent conditions hold, we call (Bx,B 2 , m,i>i, /j, r ,v r ) a trivalent 
Hopf datum. Trivalent Hopf data are recursive of order < 2. Therefore the corresponding 
bialgebra Bx v l xj£ B 2 exists and will be denoted by Bx ^ xj£ B 2 - 



Proof. Suppose that /ij is trivial. Then from fl2.8| ) we conclude mg = (mi ® m 2 ) o 
(idsj ® (id_Bj ® n r ) o (^b 2 ,Bi ® idsj o (id_e 2 ® Ai) ® id_e 2 ). Therefore (id Bl ® e 2 ) o m B = 
mi o (idBi ® £2 ® id_Bi ® £2) and (id^ ® e 2 ) o r?g = r?i which shows that (idsi ® e 2 ) is an 
algebra morphism. Because of Proposition |2.6| (ids 1 ® £2) is also a coalgebra morphism. 
Conversely if (id^ ® e 2 ) is an algebra morphism it holds in particular (id^ 1 ® e 2 ) o o 
(771 ® id_e 2 ® id^Bj ® rj 2 ) = mi o (id^ ® e 2 ® id^ ® e 2 ) o (rjx ® id_e 2 ® id^ ® r/ 2 ) from which 
the triviality Hi = £ 2 ® ids 1 of /U/ is derived. Since fj,i is trivial the identity 

*(/) = ^((idfii^Ba^Bi ® r/2 o e 2 ) / ("1 ° £1 ® idB 2 ®Bi<g>B 2 )) (2.15) 
can be verified directly for any endomorphism /. From the general structure of as given 



in Definition 2. J we derive 



(idBi®B 2 ®Bi ® m £2) $(/) (m o ex ® idB 20jBl(g) B 2 ) (2.16) 
= (ids lgl B2®Bi ® m £2) ° $(("1 £1 ® idB 2 ®Bi«)B2) / (ids 1 ®B2®Bi ® % o e 2 )) o 
o (r/i o ei ® id B2(g)j B 1 ^B 2 ) . 

Using ( p.!5| ) two times, ( p.!6[ ) and then again ( |2.15) ) one obtains the result $ 2 (/) = 
<3? 2 (7r o f o 7i") for any / G Ende(-E>i <g> B 2 <S> Bx®> B 2 ). Hence the order of the Hopf datum is 
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< 2. Because of the dual and mirror symmetries of Hopf data the proof of the proposition 
follows analogously for any other (co-)action being trivial. ■ 



Remark 5 One verifies easily that (2.15) can be obtained under the following conditions 



which are weaker than the assumption of triviality of one of the (co-)actions. 



and 



or similar conditions involving v\ and ji r . Then it follows quite analogously as in Proposi- 





tion 2.15 that the Hopf datum is recursive of order < 2. Using the notion of Proposition 
2.6 these conditions can be reformulated as conditions of <f>\ t 2 an d 4>2i- These are condi- 
tions of a BAT since the Hopf datum is recursive. Therefore a generalization of Theorem 
2.16| below can be obtained in this way (see also the notion "strong Hopf datum" in ||). 



The following theorem demonstrates that trivalent Hopf data and trivalent cross product 
bialgebras coincide. This shows that a unified theory of cross product bialgebras has been 
found which provides universal and (co-)modular characterization equivalently. 

Theorem 2.16 Suppose that A is a bialgebra in C. Then the following statements are 
equivalent. 

1. There is a trivalent Hopf datum (B\, B2, Hi, vi, fM r , u r ) such that the corresponding 
bialgebra B\ ^ Mt£ B2 is bialgebra isomorphic to A. 

2. A is bialgebra isomorphic to a trivalent cross product bialgebra B\ Vl 2 txi< /32 1 B2. 

3. There are algebra morphisms ij : Bj — > A and coalgebra morphisms pj : A — > Bj 
such that o ij = ids. for j G {1, 2} ; m^ o (^ i 2 ) = ((pi p 2 ) o A A ) , and one 
of the morphisms i\, 12, Pi, P2 is both algebra and coalgebra morphism. 

4- There are idempotents Hi,n2 € End(^4) such that 

niA o (H,- ® Uj) = Tlj o niA o (Uj (g) H,) , o t\a = VA , 
(Uj (g) n,-) o A A = (Uj ® nj) o A A o Uj , e A o Uj = e A 

t ■ r- ri oi *u a o a m A o(n 1( g.n 2 ) (n 1( g.n 2 )oA A . 
for every j € {1,2}, the sequence A A > A > A A is a 

splitting of the idempotent U± U2 of A® A, and one of the idempotents Ui, U2 is 

either algebra or coalgebra morphism. 



Proof. Essentially the proof of the theorem has been done in Propositions |2.2|, pLq, 2.7, 



and 2.15. We only have to show the additional (co-)algebra properties of the corresponding 



morphisms or the triviality of the corresponding (co-)actions. 



"(3) => (1)": From Proposition 2.2 it follows especially that A is isomorphic to a 



cross product bialgebra B = B\ Vl2 X1m 2 1 B2 through the bialgebra isomorphism 
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B% V1 2 cxi^ x B2 — » A, 4> = tha o (ii ® i 2 ). Then there is a Hopf datum such that 
B = B\ ^ cxi J£ -B2 = -Bi ^ ^ 1x^2,1 ^2 because of Proposition |2.7| . Suppose that pi is algebra 
and coalgebra morphism. Then pio^oms = mi o(pi<gjpi) o(ii<g)i 2 ) omg = piom J 4o(i^(g)(/)). 
Therefore mi o (pi oi^pio i 2 ) o mg = mi o (mi <g> mi) o (p x o i x (g) p x o i 2 <g> pi o i x (gi p x o i 2 ). 
Since pi o i x = id^ and pi o i 2 = (id^ <8> £2) 4>~ l 4> (^1 ® idB 2 ) = Vi £ 2 the identity 
/i; = (idsj <8> £2) = £2 ® id_B! follows then from (|2.8|) and ( 2.11[) . 



"(1) => (2)": If there is a trivalent Hopf datum with trivial left action \x\ then \xi = 
(idsj <8> £2) = £2 ® ids x and therefore (id^ ® £2) = mi o (id^ ® £2 ® id^ ® £2) 
and (id^i <8>£2) °i]B = Vi which implies that (id^ (g)£ 2 ) is an algebra morphism. Because 
of Proposition |2.6| it is also a coalgebra morphism. 

"(2) => (4)": Suppose that (id^ (g>£ 2 ) is an algebra morphism. Using Proposition and 
the bialgebra isomorphism <f> : B\ ipi2 x -B 2 — > A we obtain IIi = ii o pi = <fi o (id_Bj ® 
r)2) o (id_B a <X) £2) </> _1 an d therefore 111 is an algebra morphism. 

"(4) =>■ (3)" : If IIi is an algebra morphism then 111 o mi = ii o pi o = m^ o (ii o pi (gi ii o 
pi) = ii o mi o (pi ® pi) and IIi o tja = h Pi ° tja = VA = h Vi because ii is an algebra 
morphism. Since ii is monomorphic one concludes that pi is an algebra morphism and also 
a coalgebra morphism by Proposition ^T^. Thus the Theorem is proven for a particular 
case. Because of dual and mirror symmetry all other cases can be verified analogously. ■ 



Theorem 2.16 shows that there exists a one-to-one correspondence of trivalent cross prod- 



uct bialgebras and trivalent Hopf data. In addition both notations are equivalent to 



a description in terms of a certain projector decomposition. Since Definition 2.4 of a 
trivalent cross product bialgebra is a generalization of the cross products with bialgebra 
structure according to [34, 28|, 22], we can express all of them in a unified manner through 



trivalent Hopf data. Moreover the most general trivalent Hopf data give rise to a new 
family of (trivalent) cross product bialgebras. 

For a better understanding of the theory we list five special examples of trivalent Hopf 
data in the sequel which cover all the other cases because of the dual and mirror sym- 
metries. The discussion of the different types of trivalent Hopf data {B\, B2, /i/, vi, /U r , v r ) 



n 


Vr 


to 


Ur 



will be taken up with the help of the table l^l^rl where the particular entries take values 



or 1 dependent on the (co-)action is trivial or not. Thus by definition maximally three 
entries in the table take the value 1. 



Corollary 2.17 



TTWl : All the actions and coactions are trivial. Then the corresponding Hopf datum is 
equivalently given by the following data. B\ and B2 are bialgebras in C, ^?b 2 ,Bi 
^Bi,b 2 = id_B 1( g)B 2 , and -Bi^cxi^ B2 is the canonical tensor product bialgebra B\ (g> 
B 2 .' ' 

TIT ; The trivalent Hopf datum is given through the following data. B2 is a bialgebra in C 
and Bi is a B2-crossed comodule bialgebra in ^T>y (C) [|/. Then B\ v i txj^ B2 = 
Biff X1B2 is the braided version of the crossed product or biproduct Jftfy, y/. 

ff : The trivalent Hopf datum (B\, B2, Hu /x r ) is a braided version of the matched pair 
Explicitely, B\ and B2 are bialgebras in C, B\ is a left B2-module coalgebra, 
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i?2 is a right B\-module coalgebra, and the following defining relations are fulfilled. 



is 



/ij o (id B2 <8) 771) =r)ioe 2 , 



(2.17) 



T/ie corresponding bialgebra B±a l ^<w r B2 is a braided version of the double cross 
product W^f. T/ie bialgebra structure reads as follows. 




1 ^Bl M; l>=] M ,.B2 



T/ie trivalent Hopf datum is given by (B\, B%, ui,fj, r ) where B\ and B2 are bialgebras 
in C, B\ is a left B2-comodule coalgebra, B2 is a right B\-module algebra, and the 
following defining relations are fulfilled. 

£2 Ht = £2 <8> e\ , v r o r/2 = r\2 ® rji , 



VI 



The affiliated bialgebra B\ Vl \xi ^^2 is a braided version of the bicross product Jli}/ . 
The bialgebra structure is given by 



This is the most general trivalent Hopf datum (B%, B 2 , v\, fx r , v r ). B\ is a bialgebra 
in C and a left B2-comodule. B2 is a counital right B\ -module- comodule algebra and 
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a unital coalgebra, and the following defining identities hold. 



e 2 o fj, r = e 2 ® ei , vior}\=r]2® rji 
(e 2 <S> id Bl ) o v r = rji o e 2 , (id Ba <g> ei) oui = T]%oe x 



tv 



The structure of the resulting bialgebra B\ Vl \x\ v ^ r B2 is given by 






Proof. Straightforward evaluations of Definition 2.5 using the particular trivial (co-)- 
actions. ■ 

In the following we will discuss two examples which are closely related to Hopf algebras 
constructed by Ore extensions . The first example is an infinite Hopf algebra whereas the 
second example is Radford's finite-dimensional 4-parameter Hopf algebra [29]. Both Hopf 

algebra types turn out to be trivalent cross product bialgebras of type fntrj and therefore 
are biproduct Hopf algebras according to p8|. Closely related are the examples studied 



in the forthcoming paper |9[ where the universal aspects have been considered. 

Example 1 Suppose C is an abelian group, k is an algebraically closed field with 
char(A;) = 0. Let C* be the chartacter group of C and let t G N. Assume further 
that g = (<?i,... ,gt) G C* and g* = (g\, . . . ,g$) € (C*)* where at least one of the gi and 
one of the g*- is non-trivial, and gi r := gi(g r ) with gi r ■ g r i = 1 for any l,r G {1, . . . ,t}. 
The algebra H(C,t, g, g*) be generated by the group C and the generators {#i}* =1 subject 
to the additional relations 



g* (c) c • xj and xj ■ x k = g jk x k 



(2.18) 



for any j,k G {1, ... ,t} and c G C. Then the following relations define a Hopf algebra 
structure on H(C,t, g, g*). 



A(c) 



c, 



A(xj) = xj (g) gj + 1 1 



e(c) 



eyxj 



S(c) 
S(xj) = 



-xj ■ gj 



(2.19) 
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for all j, k £ {1, ... ,t} and c € C. Every element of H (C, t, g, g*) is a finite sum of the 
form h = X^cec c ' f( x j)c where f( x j)c is a (non-commutative) polynomial in {xj}. The 
Hopf algebra is finite-dimensional if C is finite and g«j = — 1 for all j G {1, . . . , t}. 

Now we define B\ := kC the group Hopf algebra of C with comultiplication Ai and 
counit £i on C. Let B 2 be the algebra B 2 := A;({a;j})/(xj-Xfc = x^-Xj Vj, A; G {1, . . . , t}). 
Then the following definitions yield fc-linear morphisms. 

B 1 ^H(C,t,g,g*) j B 2 ^ H(C,t, g, g*) 

C I— > C X I— > X 

; (2.20) 
H(C,t,g,g*)^B 1 / H(C,t,g,g*) B 2 



PJ ' \c • /(a?j) ^ e(f(xj)) c P2 ' \c • /(xj) ^ e(c) /(o?j 

Straightforward calculations show that ii is a Hopf algebra morphism, i2 is an algebra 
morphism, and pi is an algebra morphism. Then one concludes easily that pi is coalgebra 
morphism since (Ai (g Ai) o pi and pi o A are algebra morphism, and the equality of 
both morphisms has to be proven on the generators only. According to |J we define the 
comultiplication A2 and counit e 2 of B 2 as A2 := (p2 <8> P2) A o i 2 and e 2 := e o i 2 . 
Using again the fact that every element of H(C,t, g, g*) is a finite sum of the form h = 
E ce c c ' f( x j)c one finds 

A2 P 2(/l) = J>(c) A 2 (/(^) c ) 

cGC* 

= ^A(/(^) C ) 

cGC 
cGC 

and on the other hand 

(p 2 <8 P2) o A(/i) = ^(p 2 ® p 2 ) ((c <8) c) • A(/(xj) c )) 

cGC 



^(P2®P2)(A(/(x j )c)). 



cGC 

Hence A2op 2 = (p 2 0p 2 ) o A. Then it follows that A2 is coassociative and P2 is coalgebra 
morphism. Furthermore P2 is not an algebra morphism. Suppose the converse, then 
P2(c • Xj) = p 2 (c) ■ P2(xj) = e(c)xj. On the other hand p2(c • Xj) = p 2 (9j(c)xj ■ c) = 
g*j{c)e{c) Xj. Therefore e{c)xj = g*Ac)e(c) Xj. But by assumption there exists a non- 
trivial g* which then leads to a contradiction. Similarly, by the existence of a non-trivial 
gj it can be shown that i 2 is not a coalgebra morphism. 

Now we prove that (pi (g> p 2 ) o A = (m o (i x <g> i 2 )) . Observe that (pi ® id) o A o i 2 = 
(1 <8> id) o i 2 because the corresponding identity holds on the generators and then the 
statement follows since (pi ® id) o A o i 2 and (1 ® id) o i2 are algebra morphisms. Then for 
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any finite sum YlceC c ® f( x j)c £ -Bi ® i? 2 we have 

(pi®p 2 )oAomo (i x (8) i 2 ) ^ c ® /(xj) c = ^(pi ® P2) A(c • f(xj) c ) 

cec cec 



^(c®l)-(pi®p 2 )oA(/(a^ 

CGC 

^(C(»I)-(1®P2(/(^) C )) 

CGC 

^C® /(x^. 



CGC 

Thus (pi <X) P2) o A is a left inverse of mo (ji ® i 2 ). Similarly the right invertibility can be 
proven. Therefore all conditions of Theorem |2. 16 hold, and the morphisms cpi 2 and ^21 of 
the corresponding cross product bialgebra are given by tp\£ = {e\ ® ids 2 ® ids 1 ® e 2 ) o A# 
and <^2,i = nig o (7/1 ® ids 2 ® idfij ® 772) (see the proof of Proposition |2.2| ). Using ( p. 11 ) 
yields the (non-trivial) (co-)actions 

H r (x ® c) = P2(x • c) and i/ r (x) = (p 2 ® pi) o A(x) . 

From Corollary 2.17] if follows eventually 

Proposition 2.18 The H op f algebra H(C,t, g, g*) is isomorphic to the biproduct bialge- 
bra B\ \x\ v ^B 2 . In particular B2 is a right Bi-crossed module bialgebra. ■ 



The following example is Radford's 4-parameter Hopf algebra [pOR . Its structure resembles 
the one of the Hopf algebra H(C,t, g, g*) discussed in Example [l]. 

Example 2 (Radford's 4-Parameter Hopf Algebra) Suppose again that k is an 
algebraically closed field with char(fc) = 0. Let n, N, v be positive integers such that n\N, 
and v < n. Let q be a primitive n.th root of unity and q v be an r.th root of unity, where 
r = n/ (n, v). Set Cn to be the cyclic group of order N and g a generating element of Cjv- 
Then the 4-parameter Hopf algebra Hn,g,iV> is generated by the group algebra kC^ and 
the generator x subject to the additional relations 

x r = and x-g = qg-x. (2-21) 

On the generators the comultiplication A, counit e and antipode S are given by 

A(g)=g®g, e(g) = l, S{g) = g~ x , 

A(x) = x ® 1 + g~ v ® x , e(x) = 0, S(x) = -g u ■ x , 

Similarly as in the previous example one shows that every element of iJn j?) jv,i/ can be rep- 
resented in the form b = Y^n=oi=o ^m,l x m ■ g l . In particular H n ^ q ^^ is finite-dimensional. 
Let B\ be the algebra B\ := k{x)/(x r ) and B2 be the group Hopf algebra B2 := kC^- 
Then B\ becomes a coalgebra through 

771 

Ain = E(iV x '® im "' and e i(^ m ) = ^,o (2.22) 
1=0 
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where the g-binomial is := w J"^ p _|, )p! , ( S V := ' ( 2 )p ' ••• " (°)p := 1 ' 

and := ■ Using the properties of the (/-binomials it is evident that ( 2.22 ) ren- 
ders B\ a coalgebra. Then it can be proven that the following definitions yield /c-linear 
homomorphisms ii, 12, pi and P2. 

I X m I— ► X m ' ) Q l I— > 

. f H n:qy N,v — » Bi j H(C,t,g,g*) — > B 2 

Pl ' \ x m • 5 ' h-> x m P2 ' \ x m V ^ ^,0^ 

Obviously ii, i 2 and p 2 are algebra morphisms since they preserve the relations of the 
algebras H n>q nu-, B\ an d Bi. Furthermore i 2 and p 2 are coalgebra homomorphisms since 
the corresponding identities hold for the generators g and x. Finally, pi is coalgebra 
morphism because Ai o pi(x m ■ g l ) = Ai(x m ) and 

( Pl ® Pl ) o A(x m ■ g l ) = ( Pl ® Pl ) (A(x) m • (g l ® g 1 )) 

= (Pi ® Pi) ((a; ® I + 5"^ ® a^) m ■ (</ ® </)) 

= E ( i V (Pi ® p0(^ • ^ (m_i) ® ^ m_j • 0*) 
i=o 

j=Q 

= Ai(x m ) 

where we used the g-binomial identity (a + b) m = X]j=o ( T )a aJf ' ^ m_J if a • 6 = A -1 6 • a. 
This proves that pi is a coalgebra morphism. Since by assumption q ^ 1 and g v ^ \ 
one concludes similarly as in Example [l] that ii in no coalgebra morphism and pi is no 
algebra morphism. Because H n>q at v is finite-dimensional the subsequent relations prove 
that (pi ® p 2 ) o A = (m o (i x (g) i 2 )) . 

(pi®p 2 )oAomo (i x <g i 2 )(x m ® = (pi ® p 2 ) o A(x m • g J ) 

= (p 1 ®p 2 )(A(,r-(^9 i )) 

= E ( T V (pi ® P2) • ^ {m ~ 3) ® * m ~ 3 ■ 9 1 ) 

j=Q 
m 

= E(TV * 3 ®<x m - 3 )g l ) 
3=0 

= x m <g g l . 



Hence again all conditions of Theorem 2.1C hold, and the morphisms </?i j2 and f2,i of the 
corresponding cross product bialgebra are given by tpi^ = (ei ® ids 2 ® id^ ® e 2 ) A# 
and y?2,i = rn^ o (r/i g> ids 2 ® id^ g) 772), or explicitely ipi : 2(x m ® </) = g l ~ vm g) x m and 

y2,l( 



7 Z (g X m ) 



-mi 



x m (g </. Using ( |2.11 ) yields the (non-trivial) (co-)actions 



-ml 



and v l (x m )=g- 



(g x r 
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We collect the previous results in the next proposition. 



Proposition 2.19 The J^-parameter Hopf algebra H n ^ q ^,v is isomorphic to the biproduct 
bialgebra £?i^_ix B2. In particular B\ is a left B2-crossed module bialgebra. ■ 

3 Applications 

In Section || we discuss further applications of the results of Section The first example 
shows that Majid's double biproduct |26| essentially is a cross product bialgebra construc- 
tion in the braided category j^Cj| of Hopf bimodules over a Hopf algebra H . In the second 
subsection we show that the Drinfel'd double in a braided category can be reconstructed 
as a matched pair if and only if the braiding of the two tensor factors is involutive. This 



confirms in a certain sense the statements of [26 



Double Biproduct Bialgebras 

We consider a Hopf algebra H. From Theorem |1.2j and its mirror symmetric version we 
know that every right -ff-crossed module B € Obj (T>y (C)^ ) and every left -ff-crossed 
module C G Obj {%Vy (C)) yield Hopf bimodules X = HkB and Y = CxH in gCf 
respectively. These special types of Hopf bimodules will be used later for the construction 
of the double biproduct as a twist of a tensor product bialgebra in |^C|f considered as 



bialgebra in the category C according to Proposition 1.4 



Lemma 3.1 Let B G Ohj (Vy(C)^) and C G Obj (jPy (C) ) be H-crossed modules. 
Then for the objects X = H x B and Y = C x H in the category the identity 

h c h ^ X ,Y H H ^Y,x = idx(g> H Y holds if and only if 

*c,b * b,c = (/if ® Mp) (ids ® *if,ff ® idc) ° (vf ® i>f ) • (3.1) 

Proof. From Ql.3| ) and its dual version one deduces 

( X n <g> Uy) o p x ,Y o H C H^, YX o H C Hm x y A x ,y O ( x n ® Hy) ^ 2 ^ 

= ( X n <g> Hy) O tyy X O O Ay X O * X y O ( X II <g> Hy) . 



Condition ( p3| ) means that the right hand side of (|3.2j) equals to (x^®^y) Px,Y ^x,Y 
(xH(g>ny). Then we use Lemma 1.3 to derive px.Y oh c h^ x y o\ X y = px,Y °^x,Y ■ Since 



y is an epimorphism and p x y is a monomorphism the sufficient part of the lemma is 
proved. Conversely if h c h\$> XY o h c h ^ y ,x = idx® H Y then equation ( |TTT| ) proves (|3.1| ). ■ 



Lemma 3T is a braided version of the identity (58) in [26] which was one of the com- 
patibility conditions for the construction of the double biproduct bialgebra. We suppose 
henceforth that B and C are bialgebras in T>y (C)g and %T>y (C) respectively. Then 



according to Theorem 1.2 the objects X = H k B and Y = C x H are bialgebras in 



H Cff. From Q (and Proposition |l.4j ) we know that the multiplications m^ and my are 



uniquely determined. In particular uihkB = ELx ^x x anc ^ JSx = m HxB (id// (B> xi) 
where to.hkB is the multiplication of the crossed product algebra in C (see Corollary 
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2,17] and and x 1 is the morphism described below Theorem 1.1. Similarly the mul- 



tiplication my and the comultiplications A^ and Ay can be calculated. The condition 
h c h\$! X y ° H h ^y.x = idy® H x of Lemma 3.1 allows the construction of the canonical 



tensor product bialgebra Y ®s X in according to Corollary 2.17 . Explicitely 



m Y 6 



K s Six) ° (idy s rCh ^x,y ®s idx) , 



Ay 8H j = (idy ® H fyx 0S id*) o (A y 0s A 



(3.3) 



1/ 



Lemma 3.2 Suppose that the conditions of Lemma 3.1 are fulfilled for the bialgebras X 



and Y in ^^h- Then the Hopf bimodule tensor product bialgebra Y s X is identified 



with the object C H B through the canonical morphisms given by 

idc7 ms ids, Py,x = idc ® A/j ® ids • 
We denoie by Z_:=Y ® H X = C ® H ® B the bialgebra in ^CE. Then 



A Y,X 



A z.z 



idc ® Xx,y ® ids , .z = idc* Px,Y ® ids 



(3.4) 



(3.5) 



Proof. Without problems one verifies that Ay^ an d Pyx according to (3.4) fulfill the 
required properties of Theorem 1.1. Using the identification Y ®hX = C®i?0i? induced 



from (3^4) the proof of ( |3.5| ) follows. 



According to Proposition |1.4j one obtains a bialgebra Z = C ® H <S> B in C from the H- 
Hopf bimodule bialgebra Z_ = Y 0s X. The explicit structure of Z is presented in the 
subsequent proposition. 



Proposition 3.3 Multiplication and comultiplication of the bialgebra Z 
given by 

C H BC H B C H B 



C®H®B are 



m z 




and Az 




(3.6) 



C H BC H B 



The unit and counit read as rjz = f]c VH Vb and £z = ec* £s £s respectively. There 
are canonical bialgebra monomorphisms idc®s0??s : Cxi? — > Z , r/c0ids(g>B : HkB —> Z , 
and bialgebra epimorphisms idc®s £s : Z — > C xi H , ec ids®B : Z ^ H \x B. 
Additionally idc0??s0ids : C<g>B Z is an algebra monomorphism, and idc 0£s0 ids : 
Z — > C £> is a coalgebra epimorphism. 



Proof. From the considerations before Lemma |3.2| we know that the multiplication of 
Z_ = Y 0s X is given by = (m y 0s Ekx) ° (idy 0s Ii ^ H ^x,Y 0s idx). and according 



to Proposition 1.4 the multiplication of Z reads as 
mz = mz o Ajf ^ 



(my 0s mj) o (idy 0s H H ^x.y 0s idx) 
(m c F m B ) o (idc " C "^x,Y ° A^ y ids) 



(3.7) 
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where we used ( |3.5| ) in the third equation. Prom ( |1.3| ) and from the Hopf bimodule 
property of h c h ^f x ,Y and A^ Y ( see Theorem LI ) it follows 



= « C «^x,y o Af iC o ((/xf o (id// (8 x n) o v?) (g) o (n Y <g id B ) o uj)) ^ 8 ^ 
= M o (id// (8) (A^ x o y o ( X U ® n y )) <g id B ) o (z/f g> z^) 
= ^y,x (/"f ® M*) ° (idi? ® *x,y <8> id//) 



where M = o (p]® HX <g> id//). Inserting (|J) into ([D]) yields the final result for 

m^. Dually Az can be derived. ■ 

If it is clear from the context we will henceforth denote the bialgebra Z in C by C®H®B. 



Proposition 3.4 Let B and C be as in Lemma \3.% Suppose that p : B g> C — > lc is a 

morphism in C satisfying the identities 

p o (pf <g id B ) = p o (id B <8> Pi) , 

p o (id B <g m c ) = p {2) o (tf~J B o A B <g idc-^c) , (3.9) 
p o (m B ® idc) = p (2) o ( c:y(c) ^ B , B (8) ^c l c o A c ) 

where pW = po (id B ®p®id c ) and vy ^H^ BB = (id B <g pf ) o (^ BjB <g id//) o (id B <g> ff) 
is £/ie braiding in T>y (C) H j^J. Then p := ec~aH ® P®&HkB is a 2-cocycle of the bialgebra 
C <£> H & B from Proposition [?7|. // p is convolution invertible then p is convolution 
invertible with inverse p~ = eqxih <S> p~ <S> £hkB- 



Proof. The convolution invertibility and the cocycle property (1.9) for p, mz and Az can 
be proven easily. The calculation of the left and the right hand side of Ql-SP respectively 
yields 

p o (fj,? ® id c ) ° ((id/? ® p) ° (*B,B ® idc) (A# <8> idc) ® 
<g {(p (gi id//) o (id/? <g> ® idc) (3.10) 

o ((ids ® m//) o ($// jB <g id//) o (id// <g i/f) g) Ac)) 



and 



p o (m B (g idc) ° (Hr ® ids <8 idc) ° 
o ((id B <8> p) o o A B (g idc) ® id B ® B(g ,c) 



(3.11) 

where the first and the second defining property of /) in (|3.9|) have been used. With the 
help of the third equation of ( |3.9| ) one can show that ( |3.10| ) equals fl3.ll ). ■ 



Remark 6 The identities ( p79| ) are braided versions of [26, eqs. (56)]. 
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The following corollary is a straightforward consequence of Propositions Ol, 3.3 and 3.4 



Corollary 3.5 Suppose that the pairing p in Proposition \3.4\ is invertible. Then accord- 
ing to Proposition \l.b\ the multiplication ^c<^h^b °f ^ e twisted bialgebra (C ® H ® B)p 
is given by 

C H B C H B 



nr 



C®H®B 




(3.12) 



C H B 

where the pairing p is presented by and its convolution inverse p~ by 



Proof. Because of Proposition 3.4 we can apply Definition [Lq and Proposition 1.6 to 



mz in Proposition 3.3. A straightforward calculation then yields the result. 



We will discuss in the following an example in which unavoidably cross product bialgebras 
in certain braided categories emerge. 

Example 3 Corollary is a (braided) generalization of Majid's double biproduct con- 



struction [ 26 1 . It has been shown in |26J, |33|] that the quantum enveloping algebra U in 
terms of Lusztig's construction jl7| is a double biproduct bialgebra. Explicitely, let (I, •) 
be a Cartan datum, and (X, Y, (. , .)) be a root datum of type (I, •). Given the commutative 
ring k = Q(q), let f be the /c-algebra generated by I, factorized by the annihilator radical 
of the unique pairing (., .) : k(I) x k(I) — > k given in Proposition 1.2.3 in p7[. Furthermore 



let Uo be the group algebra of Y over k. Then [17|, U = f <g) Uo <8> f are isomorphic Hopf 
algebras. The algebra f is both left and right Uo-crossed module bialgebra. The bialgebra 
structure of f is induced by the algebra structure of f and by primitivity of all elements of 
k(I). From |[7]] we know that f = ©^mn f v is an N[/]-graded algebra. The root datum 
provides embeddings x : I X, i i— ► Xi and y : I Y , i i— > yi which in turn canonically 
induce homomorphisms of abelian groups x : N[i] — > X, v \— > x v and y : N[J] — * Y, 
v i-> y v . Then the left Uo-crossed module structure of f is given by y > A := q~^ x \^ A 
and fi(X) := — Y^ieii^Y ' \Mi)Vi ® ^ where y G Y and A G / is homogeneous of degree 
v = |A| = Yliei e i. e. A € fi^i. The right Uo-crossed module structure of f is 
\ <y ■= q -<y*[x[) A and i/ r (A) := -Ei 6 /(f ' l A li) A ®yv Then U = f^>U <8)fisa double 
biproduct bialgebra according to Corollary |3.5| with H = Uo, C = f and B = f, and the 
pairing p = (.,.). 

Although in the present example the base category C = /c-mod is symmetric, the cat- 
egories of -ff-crossed modules and //-Hopf bimodules are braided and the cross product 
bialgebra construction is within these categories. This emphasizes once again that the 
double biproduct (even in ordinary symmetric categories) is a cross product bialgebra 
construction in a braided category. 



2S 



Quantum Double Construction 

In Corollary p. 17 we discussed braided versions of matched pairs leading to braided double 
cross products. From [25] we know that two dually paired bialgebras in a symmetric 
category yield a matched pair from which a generalization of the Drinfel'd double can be 
reconstructed. Such a procedure had been discussed for braided categories in |2(|. It was 
announced that a similar construction fails there since the braiding twists up and can not 
be disentangled. The subsequent proposition confirms this observation in a certain sense. 

Proposition 3.6 Suppose that A and H are bialgebras in C which are paired by the 
pairing {., .) : H ® A — > 1q subject to the defining identities 



(., .} o (m H ® id) 
(., .} o (id ® m A ) 
{-, •) ° (vh ® id) 

(., .) o (id ® T] A ) 



o (id® 
o (id ® 



id) o (id ® id ® o Aa) 
id) o ( A H ® id ® id) 



e H ■ 



(3.13) 



Then the following statements hold. 

1. If A and H are Hopf algebras and Sa is an isomorphism in C then < 
invertible. Explicitely (., .)" = (., .) o (Sh ® id) = (., .} o (id ® S^ 1 ) 

2. //(.,.} is convolution invertible we define 

--{(., .y ® id ® (., .)) o (id ® ® id) o (Ag } <g 

=((., .)" ® id ® (., .)) o (id ® ^ H ,A®A ® id) o (A H ® 



is convolution 



< 
> 



A A ) 



A 



(2h 



(3.14) 



where A^ = (A ® id) o A. Then (A, [>) zs a left H-module and (H, <d) is a ri^/ii 
A-module. The tuple (A, H,<,>) is a matched pair as in Corollary 2.1^ if and only 
if ^H,A ° ^A,H = id. 

Proof. Statement [l] is proved analogously as in the standard symmetric case. Without 
problems one verifies that < and > in statement § define algebra actions. Now suppose 
that ^ h,a ° ^A,H = idA®# • It i s n °t difficult to show that (A, H,<,>) is a matched pair 



because nearly everything works like in the classical symmetric case [22, 25]. Conversely 



if (A,H, <, t>) defined by ( 3.14] ) is a matched pair then the following identity has to be 
fulfilled because of the last equation in fl2.17| ) . 



(3.15) 





H A 



From ( |3.15| ) we obtain ^ a,h ° ^ H,A = idj^^A by multiplying (., .) to the left and (., .) to 
the right of ( |3.15|) using the product given by fll.7j ) . ■ 
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4 Conclusions and Outlook 



We defined Hopf data and cross product bialgebras very generally. Cross product bialge- 
bras are Hopf data. A special class of Hopf data are recursive Hopf data probably with 
finite order. Recursive Hopf data are cross product bialgebras. We further restricted to 
trivalent Hopf data and trivalent cross product bialgebra. We showed the equivalence 
of both notions and provided a description of trivalent cross product bialgebras either 
through (co-)modular properties or by universal systems of certain projections and in- 
jections respectively. Therefore the classification of trivalent cross product bialgebras in 
terms of trivalent Hopf data has been achieved. The known cross products with bialge- 
bra structure fit into this new classification scheme. In addition new types of trivalent 
cross product bialgebras have been found which generalize all other types. However ex- 
plicit examples have not been found yet for these general types of trivalent cross product 
bialgebras. 

We have been working throughout in a braided monoidal setting which allowed us to 
apply the machinery of Hopf data and cross product bialgebras to braided categories. In 
particular we showed that the double biproduct bialgebras come from a certain tensor 
product bialgebra in the braided category of Hopf bimodules over a given Hopf algebra. A 
more general study of recursive Hopf data in Hopf bimodule categories will be published 
elsewhere. 

The structure of (recursive) Hopf data shows to be symmetric under duality and re- 
flection at a vertical axis - if one considers the defining identities as graphics in three 
dimensional space. These symmetries will be somehow destroyed when considering triva- 
lent Hopf data and trivalent cross product bialgebras and one might ask if such a breaking 
of symmetry is a generic feature of the theory of cross product bialgebras. Therefore it 
remains an open problem if the present setting is the most general one to describe cross 
product bialgebras by (co-)modular properties or by universal systems of projection and 
injection morphisms equivalently. One could think of certain types of recursive Hopf data 
(with finite order) or some other specializations of Hopf data which preserve the above 
mentioned symmetries, to be good candidates for a more general framework. A possible 
generalization has been presented in Remark || although the symmetries will be destroyed 
in this case, too. 

In the present article we studied cross product bialgebras without cocycles and cycles 
(or dual cocycles). In a forthcoming paper || we will apply similar techniques, and results 
from |7|, ||, [ll], |27j to describe certain types of cross product bialgebras with co-cycles in 
a co-cyclic (co-)modular way. Analogous statements as in Proposition |2.2| and Theorem 
2.16| will be derived for rather general cross product bialgebras with co-cycles. But the 
co-cyclic (co-)modular scheme of classification turns out to be much more subtle than in 
the present case. There might be different ways of restricting the general set-up of co-cycle 
cross product bialgebra to achieve different sorts of classification schemes. 
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